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TECI_ICAI, NOTE NO. 1423

"_ . c _ -THE ST_BiI,ITY D_IVATIV2S OF ..,OWAtP_.CT RATIO TR,IANCULAR

_,._NGS AT _JBCO]CIC _$[D SbT_ERSONIC SPiL_F/DS

By Herbert S. Ribner

SUMMARY

Low-ac',pect-ratio _ringc having triangular plan fo1_ns are treated

on the ass1_ption that the f!ou _otentials in planes at right angles

a_._s of the airfoils are similar to the correE.,pondingto the long -:J
two-di_nensional potentials. Pressure distribution_ caused by do_.m-

•,:ard a_celerntion, pitchinc_, rolling_ sidesllpDing, and ya_Ting are

obtained for v[n _ _,_th an#_ ,,ithout dihedi'al Thc_ stabilitj

derivatives calctilated_ from these %istributions ar,_ e=_ected to

apply a!_ both subsonic an_[ suoersonic _ _° _ziT/% the exceo4,ion

of the transonic regJon_ un to a lJ_nitJn_ s_<jeed at vhlch the

triangle is no longer narrows compared vith the Mach cone from its

vertex.

I NTR 0 DU C T I 0 N

The aerodynamics of slen_!er s_mmetrical pointed airfoils

moving __oint foremost may be approximated as Mt_nk approximated the

aerodynamics of alenOer airships (reference l). For such bodies

the flo_" is aloproximatoly t_yo dimensional in planes perpendicular

to the axis of symmetry. The assum_tion of two-dimensional i'lo_rs

leads to a very simple mathem2,tical proce_.ure for obtaining the

pressure distribution. Reference 2 Intro_uce_ this method and

treated thereby the slender !_ointed airfoil at an ancle of attack.

The method is suited, as :_ell; to the calctulation of the presstu'e
distributions du,_ to normal acceleration, pitching, rolling,

sideslipping,, and ya_,-inc. In the present _ualysis the method in

extende6, fo_ is applie6, to the dete,rmination of these pressure

distributions for a lou-as!_ect-ratio tri,m_Cu!ar plan for"re. The

stability derivatives of the airfoil are calculated from these

results •

NOT REPRODUCIBLE
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Tb.e ana]_vsis of the lift.in_ airfoil cho_ed that if the airfoil

is very slender (very lo_" aspect rcti,_) the r_sults apply well into

the superconic ran6c _._Jthno modification for +lle effect of

comnressibility. 'i_e transonic reg.!on probably must be excluded.

• "_ ,. -_,Th.._ stability d_l._ati_c._ of this report ere es_acted to have a

similar r_unce of applicat_-on.

The princlpsl pa_t of _his invesT,igatlo,_ was carried out during

M_rch and April of 19,6.

SYMBOLS

flight velocity

rectangular coordinates (fig. 2)

Incrc:mental fli_.t velocities alertG x-, y-,
_d _._-axrsof fi<D,re l, respectively; induced flow

ve3ocities _long r.-, y-; and t-axes of figure 2,

respectively

p,q,r angular velocftios about x-, y-, an& z-axes,
r...._+._v,_,' (fig. i)

U o
component of velocity induced on upper surface

paral].ol to stream velocity

s_ngle of attack

angle of sideslip

P &ihedral angle

AP pressure difference between lower and upper surfaces

of airfo_l (posit_v_ in se_,se of lift)

density of air

8 semi_._idthof triangle at distance x from vertex

b sps_n (base of triangle)

C

A

root chord (height of triangle)

( - (local chord)2dy =
mean aero,_:namic chord c = S _0

."2'b"
aspect ratio _,c ,'
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C

S

G

¢

L

L'

M

N

Y

F

- CL

CZ

C m

C n

CDo

edge slope _a= d-9-a=_dx

area of triangle _lbc_

constant defined in equation (_:B)

surface velocity potcntlal

cos "l y/a

rolling moment

normal force (approximately lift)

pitching moment

ya_,ri_ moment

lateral force

suction force per. tuult length Of edge

/ L'X

lift coefficient L_

rolllng-.moment coefficient _o_2b _$

pltchinG-m°ment c°efficient !_V_S

ya,_Ing-moment cooff icient _Sb 1

lateral-force coefficient __

/_rofile dr,__

3



k

.t_3,AI, ••.,A m

VN

S

_g

Subscripts:

T.E.

L.E.

R

L
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vortic ity

Fourier coefficients

induced surface velocity nolunal to wing leading edge

distance from _'inC leading edge measured normal to

edge

distance of center of gravity fo_;ar& of 2c
3

at trailing ed_

at leading ed]e

at right loading edge

at left leading e,#Ge

Subscri pted parentheses:

( )_ contribution due to sng_e of attack

( )p contributio_ due to &ihedral

_.Zhenever e, a, q, p, f_, and r are used as subscripts, a
nondimensional derivative is indicated and this d_,rivative is the

slope through zero. For exarlple,

-p-'_3

=
E_Cm

%=I I ;

CZr = ._-

A dot above a symbol d_notes differentiation with respect to
time.

All anglos are measured in radlans.

%
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ANALYSIS

SCO_E

The stability derivati:es treated heroin are listed, together

_th the values foun'! for them, in table I. The @.erivations that

feller give ths values _:ith reference to the.principal body axes

of fi_e 1 _ith orig-n at the aerodynamic center (2-c 0 ).3" ,0 Con-

version has been made to thc system of stability axes shown in

figure 3 _.TithorIsin a d_stance Xcg _head of the 2c point
--

(transformation equations in reference 3). Table I comprises

pa_-allel col_nms _.;hichprescnt the values relative to both systems.

GEh--'PAL

Consldor a slender isosceles triansle moving _,rlth its vertex

foremost along _.ts lon(_itudinal axis, as in figure l, with velocity V.

_Cma].llinear disturbm_ce velocities u, v, and _ along the x°, Y-,

an6. z-axes and small _c_l_' disturbance velocities p, q, and r

about the x-, y-, a_d z-axes, respectively, m_/ be contemplated. Angle

of attack [_ivcs rLi.Seto _, sidc;Jlip, to v_ and rolling, pitching,

and ya_ri_ corz-e_,_0on_it_ p: q, and r, respectively.

As an e__.a_ple,suppose the sole distu_-b_.ce velocity is _r,

causes] by angle of attack. (This ca,'_eforms the subject of reference 2.)
nov. noThe triar_tu!ar airfo__l is asslmled to be _ _ for_ar_ _ith velocity V

and do_a_;ard with th_ small velocity aV. The airfoil section is

asstun2d to be very thin; therefore, only the _omu_zard motion disturbs

the air. T_e trlar._x!ar plan form is also assvmc_ to be very slender

so that the edges are nearly parallel. The flo_z in any plane

x = constant (coord_mate system of fig. 2) _:_e to the 0o,m,zard

motion is thus aLmos_ _ro ._ir._nsional. It may be expressegt.by the

t_:o-dimensional p_tential of a horizontal straight line moving

do_m_:ard vith -_,elocity _V. The hor_.zonta! straight llne is then

the section of the ai_z_o_l cut by the plane x = constent.
Planes x = constant L_y be taken an_-_here f,-om the apex to the

trailin G e(_,Se•
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In case the disturbance velocity is rate of roll p, the

straight llne is to be re_i_ardedas rotating _Tith angular velocity! p.

The other cases are semen,hat more cempllcated and are discussed in

detsll in subsequent sections. In all cases_ he,fever, the initial
problem is the .letermina_ion of the rye-dimensional surf.ace potential

for the flov about a stra_g'__tline _ith assigned botuudary conditions.

l'Yiththe tvo-dimensional su1_'ace potential h_o_m for the motion

of the section x = c_nstar_.t, the presstu-3 difference bet_._eenthe

upper and lover stu_'aces (positiv.o up_rard) is obtained from

aP 2ovuo (I)

In this equation uo is th,3 component of the velocity induced on the

upper sub"ace pul'a!lel to the str_sm direction and is obtained by

differentiation of the !_otential in the stream _..irectlon. Equation (1)
expresses Bernoulli's law vith the approxlmation of small disturbances.

The asst_uption that the tri_g,,ular plan folm is very slender

is expressed mathematically by the rela5ion C << 1. The quantity C

is the slope of %,h__ sides of the triangle, relative to t/is stream

direction end is equal to one-fo_rcth the aspect ratio. The pressure
distributions clcrlved on this asslm_.ption c._u bo show_ to be valid

only to the fiz-st order in C. (,C_oereference [.',appendlx A.) Thus,

te!nns of order C?- or A2
1--_rill be neglected in comperison with

unity wherever they appear in the analysis.

The va!!c;ity of the analysis denends on the assumption that the
disturbance l:ar_me,ters a, p, pb/PV, qc/PV, ane_ rb/PV are

small in comparison with __ni_y. As in ordlI-ary liftlng-line ring
theory, however, ter._ in a= are of interest. Come such te_uns

arise _ithout approximation in the transf'ormation from principal
axes to stabillty ax;_s_ but others of order C (anq henc_ not
negligible) result from retention of ten-ms of order C2. For

consistency, therefore, it has aopeared necessary to neglect all9
terms of or¢ler c- in the treatment.

In the determination of certain of the stability derivatives_

t_o cases vlll be considered. Ca_e ) is for a config_ation having

no dihedral and case 2, for a confieuratlon having a small dihedral
angle.
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DERIVATIVESCLa, CL&, AIfD Cm&

The derivative CL_ is obtained in reference 2. For

accelerate@, motion the local pressure difference therein must be

increased by the term

7

evaluated relative to axes fixed in the airfoil. This is

Z_P =2p_&
(2)

If the (small) angle of attack is m, the flow pstte_ in a

plane cutting the airfoil at a distance x from the nose is the
two-dimensional f!o_: caused by a flat plate having the normal

velocity aV. _l_nes_rface potentialis (reference 2)

= +_Va sin

(3)

_there cos _ = y _nd the sign changes in going from the upper
a

surface to the lower surface of the airfoil. Difforentiation of

_dth respect to a and substitution in equation (2) yield

_P = 2_Va s_n

Integration over the plan form gives the total incremental lift

caused by h as

L' = _pVb2c&
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Th_s l_£t divided by' IoVgS is the incremental llft coefficient,

and the derivative of this coefficient with respect to &_/2V is

the stability deriw_tive CL&. It is

(4)

The center of pressure of the distribution of _P is found to be

at x = 4_c. The pltching moment'about x = _ is ther._fore

. _ ...2-2.
_VD G C_

This moment divided by _S_ is the pltching-moment coefficient,

and its derivative _.Jithrespect to &6/2V is _he stability

derivative CT_&. It iS

D RrVA¢IV S CLq %q

An angu.!ar velocity of pitch q _ntroduces a variation of

angle of attack along the y-axis,

(_ = aO + _. 3
V

_._ere ao is the angle of attack at x = _-c. This variable
3

to be substituted in equation (3) for the potential,

is

g_

= mVa sin
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Equation (I) fo1" the press_re d_fferencc between the upper and

lo_.Tersv_faces of the airfoil m_y be _ritten

Carryl_g out the Indlcated differentiat!on gives

A? = 20V o + q " c8c _ 7U

The integration of _ over th_ area of the triangle gives

the value of lift fot_0_lin r_ference 2 fo__ a_ sa_gle of attack _o,

pll,s the addit[onal ten_

L' = _@b _ 29_
6- 2V

d.vislo_, oy _ , &rid its derivative
E_e coefficient is formed by _ " "_ " loves

with respect to q_/2V is the stability derivative _Lq It is

CLq - _A (6)

The integration of (_ x_2/ ov,_r the area of the triangle
I". \

the pitching moment about the r_ference __o_nt (_,0) • Thisyields

moment is

The coefficient is defined as the moment _ivide& by 1._S6 an& _ts

derivative _ith respect_ to c_/2V is the stability der:Ivative Cmq.

The der!vative is

cm_= "_6_-_A (7)
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D_IVATIVE CZp

For the airfoil in rolling motlon_ o__y section x = constant

is a rotating straight line. L(mmb (reference _) gives the potential

of the two-dimensional flow produced by the rotation of an ellipse

about its center. In the limiting cage for _hlch the ellipse

becomes a straight llne, the stu_face potential is

= _lpa2 sin 2_

= Ipy_a2 y2

where p is the an_ular velocity, a

and cos q : Y-.
a

Equation (1) for the pressure distribution takes the form

(8)

is the semi_th of the line,

&P = 20Vd-_
dx

= 2ov da
da dx

By use of equation (8), with C = _, this expression becomes

o pvpc2x _/_

a-_ a2

= ov_c2xcotn (9)

This antisy_netric pressure distribution due to _olling was first

obtained and sho_ graphically in reference _. Figt_es 4 and 5

herein are reproduced from this reference. Figr_e 4 m_y be compared

with figure 3 of reference 2 which shows the pressure distribution

due to angle of attack.
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The spanwise loading, following reference 2, is merely

dL !

<y

with _ evaluated at the trailing edge of the airfoil.

tribution is shoN_ in fi_e 5-

The dis-

_e integration of &L'y dy
dy

moment

across the span gives the rolling

Division by lo_°_Sb

and the derivative with respect to
derivative C It is

L = 1-_Oo vp

converts this moment to coefficient form_

pb/2V is the stability

b2

C_p = - 32 S

(lO)

DERIVATIVE C _

Case i, No Dihedral

The pressure difference across a thin airfoil in steady flow
has been _iven by equation (1)

AP = 2pVu o

_here uo is the component of induced velocity parallel to the

stream direction, mcas'_ed along the upper surface. If sideslip
occurs, dle stream direction is inclined relative to the x-a_:is of
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the airfoil by the sideslip angle _, Thus, with _ positive for

sidoslip in the nosltive direction along the y a..i_,

vhere 62<< i.

u o = cos 8 _-_ - sin _ J-_
_x 5y

_x _y

Hence,

(ll)

The m_face potential _ for the disttu_bance velocity depends

only on the normal velocity of points of the s_'face. The potential

is therefore "_uuaffected by sideslip when the1"e is no dihedral. In

the present c_Lse the norn_ul velocity is _.V due to ongle of attack

and the appropriat_ _o_ntial is that discusscd in the section

on CL& and Cm _ and c.iv_<nby equation (3). Carl_jing out the

differentiations inclJcated, in equation (Ii) gives; after

simplification;

(le)

The symmetric first term is the lift distribution in the

absence of sideslip. 'E_is tez_n yields no _,_I__-, mom_.-nt. The

antisy_uetric second t_rm contributes the rollin C ._:om_nt

1 _÷_-_..
The coefficient is formed, by division by 2-uo_,;_, and its

derivative with respect to 6 is the stability derivative

It is
C_.

_ze)a = "_3_ (13)
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Case 2, Dihedral Angle F

If the _dng has a small dihed_-al angle £ (case 2), the angle

of attack on the left panel is rcrluced in sideslip by the amotmt 8F

and the angle of attack on the right panel is inci'ease@,by that

amount, qqqe flow pattern in a plane cutting the airfoil at a

dlstance x from the nose can be obtained by a slight modification
of the classical thin airfoil theory. (See reference 6.) The

left e_ge and rig_ht edge of the section at x are to be identified,
respectively, _.,iththe leading edge and trailing edge of the section
of thin airfoil thco_,. The section is regarded, as a small

deviation from its chord. A distributlon of vorticity along the

chord of th3 section is _uagined. Parap]u_asinc) Glauert (reference 6),

the induced velocity _ is determined for points on the chord but

may be taken to be the same for the correspondin G points of the
section itself. The direction of tS]e resultant velocity adjacent

to the airfoil must be parallel to the st_face so that at each

point of the left panel

_--= "D£ + _ (It!a)
V

and at each point of the right pan_l

(l b)
V

The potential corresponding to _ is alrea@_ !_o_ therefore, only
the case for a = O need be treated.

The vorticity asst_zed in the tb._u airfoil theory (reference 6)

has a n_t cizculation to satisfy the Kutta condition at the trailing
%

edge. The addition of a term -PV(Ao + _AI)csc q (_ith _ _itten

for Glauert's _) eliminates the circulation while retaining certain

mathematical properties. _Tith this added tcz_ the vorticity is

given as

A1 \,>
k = 2V cot _ - _- csc q + z__ An sin

. I /
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The velocity potential on the upper surface of the section is
4 4-related to the ve, t_ci,,y k by

The ansle _, or_zina!ly identified with GlaucrtTs e, is now

defined differently so that y = a cos _. Then the integration

of the equation for _ _th dy = -a sin _ dq gives

A1 v---
- aV A0 sin q + %-- sin 2q + in (n + l)n sin (n ,(16)__ n+ i - n'-

2

Equation (16) e_)resses the upper surface potential for an

arbitrary distribution of induced vertical velocity along a line
in ttro-(limensJon_,lflow __thout circulation.

The coefficients in equation (16) are z_till to be evaluated.

The calct,!ation _Iven on pez_s u°8 to 90 of i'eforence 6 =_hen

applie< to equation (l_) l_:_ds to

(x?

"7= "AO+ An
1

for the ratio of the induced dot_mard velocity to the stream

velocity. The coefficients are given by the theory of Fourier
series as

SO _
An 2 w

= _ _cos n_ d_

(17)
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For the sideslipping airfoil section _rlth dihedral angle, the

boundary conditions on w/V has been given in equations (14a)

and (14b). By equation (17) th_ coefficionts in this case are,

for a = O_

.]ao--o

An _ sin --
= _n

(18)

With _le coefficients given in equation (13), then, equation (16)

represents the additional potential due to dihec_a! _hat may be

substituted in equation (ll) The term _ _ is fo_md to be of
• 8y

the order _2 _d thus may be neglected for the present purpose.

Integrating the pressure chordwise gives th._ incremental spanwise

load distribution caused by dihe#_al as

AP dx

= 2pV_T.E.

The rolling moment is

L

(ow )T.E.
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By equation (18) A1 = _ and A3 = -_ and at the trailing

edge a = b. Thus, for the _resent cese
e *

L =-

• I ._<._
The coefficient is formed oy division by _-Ovou

c

•<_it_hrespect to _ ._sthe stability derivative

of attack. The derivative is

#

(°,.D=

and its derivative

C_ for zero angle

The complete stability derivative :is obtained by adding to the

preceding eguat_on the contribution of angJe of attack given in
equation (13) so that

(19)

DERIVATIVE C_r

Case i, No" Dihedral

The referonc9 point for _ese calculations is at a distance 2-c
3

from the vertex of the triangle, measured along the x-axis. Let the

stream velocity at this point be V. Then, if the yawing velocity

is r, the longitudinal velocity at (x,y) is V - ry and the

sideslip velocity is -r(x - 2
•,, _c). Let those e:_r_ssions replac_ V

and 6V, respectively, in _quation (ll) so that
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The appropriate potential _ is that given by equation (3),
_._ich is

= aVa s._n

Carrying out the indicated oparotion gives

AP--201VSaC csc q- rV_" 2-c+3 aC)cot q_

where C - d_a << I.
dx

comparison with x

The term aC = xC2 and is negligible in

to the f_rst order in C.

The s.yn_ebric cosecr,nt term .Is %..helift distribution in

_ " T _'estraight _light 3 it yields z_'orolling moment. ,. antis_ctrlc
cotangent term contributes the rolling mcmont

_ajic - . .
0-a

With _ = arc cos Y, this moment is evaluated as

2 o
L = _vr_,_ c _

lt#q-

The coefficiGnt is defined as _,hemoment aivided by _-_oVSSb, and Its

derivative _:ith renoect to rb/2V is the stability derivative CZr

for zero dihedral. It is

"" _ (21)
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Case 2, Dihedral Angle P

In the section on CZ_ dihc_dral was zho'.m to add an additional

ter_which is given by equation (16), to the potential, _There the

constants An are given by eguation (13). in the present cection

V( x . 2_', repl__ces the constantthe variable sideslip angle - 3/;

sideslip angle 6 of the section on CI • The rolling moment due

to the additional term is Thus

L = - V2a 3 - A:,
- T.D.

as _:as formal in the section on C%_. By equation (!cq)

i)with p =- - _c

. 3/

3_ _ _;

The substitution of the values of a, Al, an@ A3 at the trailing

edge, %,here a = _ and x = c, _ives

L = _Vrrb3c

i -

The coefficient is formed as before by division by _0_ob,

derivative _Tith respect to rb/2V is

and Its

=-Z r 9
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This result must be added to th_Jr_,sult for case 1 (no &__hodral)

to 6ive the total value of the stability derivat:Lve, as follow_:

= + 2 (22)
C1r 9A .o£

Dg_IFCATI_._S Cyp AHD Cnp

Case I, NO Dihedral

The side force an& ya__n;I moment relative +o body axes are

contributed entirely by suction alon_; the le_.(_in_edge of the _rlng.

This suction may bc evaluated _o_.,,con:_id:_rinC the trian_11ar, _ring to
have a small thiclmess so that the scctlons }-= conr tant are

ellipses. The lateral component of 'theprc_stu_o &iztributlon is

detenuined and integrated. Thic aJproacD, i,J given in detail in

reference 4 for the c_se of rolling ab zero ,_ugle of attack; and

its extension to the case of rolling _ith a small, onC!9 cf attack

was made in the original deteiL__ination of Cyp cn_. Cnp in the

_u_.tnoe.of cvalvatind_ thepresent analysis. A very much s_npler _ ' "
I " Isuction is su6fgcstod in z_eference 7, ho_._over, a_:& tn_ mc.thod is

adopted herein.

Consider a condition for _.:hichthe induced surface velocity

normal to the edge is of th_ form

+ (23)
vN - - '_a

in the immediate neighborhood of the edge, _cre s is distance

from the edge _d G is a constant. }lefcrence 7 points out that

for such a flo_ there is a suction force per unit length of eCge
which is

in an incompressible fluid. _or the na_To_ trioazgles discussed in

this paper the component of the str:_&n velocity normal to tAe edges

is ir_ercntly :L_nallcon_arcd _Lith the ;"_,_"_ ...._ ty of sound over the

range of stream Mach n,&_crs con_i_crca._ '._u_, no co:_oz'css_bi]ity_....
correction is necessary.
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For the trian_.lar _zing iz_,relish C mot:_onthe in__uced velocity

component u has been obtainr_i as s :('actorin equation (9) 8_ud may
be written

,_Y_

UI = f _ ..

Angle of attack rill give th_ agditdonal contr'ibutlon (rcfez'euce 2)

g_

C_rO"-

The total induced velocity ccm._.,n....t u on uppe:_ s_r_,,ce is thus

Cc.V ' "_C2 + _-pv)

2 .(:OC

Very near the edge thiu express_on is approx;_lately

c3/2 _ " x}(_v t _c

?there the plus sign refers to the r_F_qt edce _ng. the mimt_ sign to
the left edge.

If a similar calculation is Nla@..3for -v- = ch@ it is found that
By'

as the edge is approached the resultant .induc.e_[velocity "J'u_" + v2

becomes normal to the edge. Thus, th,_ normal velocity near the
edge is
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_Y + C2
VN=- C u

-_ U
m

C

to the first order in C. The perpendictular distance of point (x,y)

from the edge is, to the same degree of accuracy,

/'

The induced surface velocity very noar the edge may therefore be

expressed approximately as

which is of the form of equation (23) alreedy considered. The

suction force per _It length of edge by equation (24) is tht_

F = 1tOG2

where the plus sign refers to the ri@ht edge _id the minus sign

refers to the left edge.

The lateral component of this suction force is given by

_0 C
Y = (F R - FL) dx

= _C2c 3aVp
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The coefficient is formed by division by _V28, and the derivative

with respect to pb/2V is the stability derivative Cyp. It is

The momentof the leading-e&ce suction about the vertex of the
triangle is approximately, for C2 << I,

2cNo = - (FR - FL)x d.x

derivative with respect to

It is

= -_pC2c__\rp

The moment_bo_t the refor,nc_ point (._,0 / i_

N = NO + _Y

= - ._._pC2c4aVp

The moment coefficient is formcd by _ivision by 2!-oVSSb, and the

_0/SV is the stability derivative Cnp.

(C_I_) = . =___a (26)9A

Case 2, Dihedrsl Angle £

To the first order in the dihedral angle F, &ihcdral will not

change the pressure distribution. The inclination of the _ng panels,

however, will give rise to a latcral force component, as follows:
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Y = -r fjr_ _

for thu right wing panel s and a similar expression with opposite

sign for the left w_ng panel. The pressure difference _P has

been 9valuated in equation (9) of the section on CZp. With this

value the integration give,s

XT _ C_

Divlsio_. by _p, _ and differentiation _rl%h respect to pb/2V give

the increment to the stability derivative Cyp caused by dihedral as

Cyp)r = .i_• 3

By addition of the _alue obtained for the case of no dlhedral, the

complete aer_vative is
Cyp

Cyp 3 (27)

The presm_re distribution is such that along any radial l._ne

from the vertex the pressure increases in proportion to x. For

such a distribution the center of pressure on cach p_nel is at _._

from the vertex. The yawing moment about t2_e reference polnt (_,0)
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Division by 21-_V2Sb and differentiation with respect to pb/2V

give the increment to Cn9 caused by dihed_al as

By addition of tD.e value obtained for no d.ihedral the complete
derivative is therefore

£
(28)

Y_ Cn_

Case I, No Dihedral

A little sideslip can rcadil.y be sho_nt to have negligible

effect on the sT_Jmetrical distribution of suction along most of the

leading edge. Near the trailing edge some modification may be

expected at subsonic specds due to the altered direction of the

trailing vortex sheet. Any lateral force _d yawing .moment would

have to come from the small dist_%._bedregion. Sxs_ination indicates

that such a force or moment venial be of or_lsr '2_ and hence zero

to the first order in a.

Case 2, Dihedral _:m_gle F

!

The contribution of dihedral to the velocity comnonent u

induced in sideslip is obtained by differentiating equation (16)

wlth respect to x. A term _VC csc q _.tst be added for the

effect of angle of attack. After insertion of tile constants from

equation (18) the total velocity component u is obtained as

2-8FCV,__ + cot

u = _VC csc q + _'- L 2 cos 2q _1

"Z sin n Fs n .(n -'. 1)q + sin (n , !)n I
2[_ n+l n-i i

3

(29)
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The only terms that approach infinity near the edges (that Is,

as _-->0 or _) are the cosecant term an& the cotangent term. In

that region both terms behave like _Cx_s' _;ith _ppropriate sign,

_ere s is the perpendicular distance from the edge. The velocity

component u there may thus be written

2n ]v,": ('* .)

_ere the plus sign refers to the right edge and the minus sign to
the left edge.

' If a similar calculation Is made for v = _-_ it is found as
By'

before that near the edge _he normal in&uce& velocity vN is

approximately equal to u/C to the first or&er in C. Thus_ vN is

G and the corresgondlng suction force per unit length
of the form _-_s'

edge is F = _oG 2, as indicate& in a prece_in C section. Substitution

of the expression for O_ neglect of terms of the second order in fl,
and simplification gives

.: +b,.) (_o)

The lateral component, of this suction force is

fYI =, (F_ - %) a=

- 2p--,#Cc2o.13..r, (31)

There is an additional lateral force &ue to a component of

the presst,_e actin G on the incline& panels. The 0art of the 2
presst_e caused by dihedral _;lll contribute tez_ns-of order £ •

To the first order in F, then, only the presstu_e distribution
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in the absence of dihe_la-al (eqt_ation (].2))need be considered..

Further, only the antisy_netric cotan_ent t_]:m will contribute to
the !atcral forcc. The incremental lateral _'-_ Jc0._CC thu S

Y2 ---2 4 oV2_ cot q dy dx

= -4pv2al3r cx cos q aq O.x

0

= -2ov (: c2 (:32)

The total lateral force to the first o_der in P is Y1 + Y2"

This sJm is seen to be zcro, and hence the lateral force

derivatiw) Cy_ is like_.se zero.

Equation (!2) sho_rs that sidesl_p give,_ rise to a pressure dis-

tribution that is constant a!on{; radial lines from the vertex of the
triangle. (Such a prcssLu'e distribution _ef_nec a conical flo'_,r

field.) Equation (12) is for z_ro dihedral; but eqvation (16) leads

to the same behavior for the triangle with d:ih_dra_].._e center of
2

pressure on each panel of the triangle w_!]. be on the line x = _c.

go also will the center of press_e of the l¢,adin<_-c_ge suction.

There is thus no yawing moment about the refermce point (_,0), and

t2,e stability derivative Cn_ is zero.

D_,IVATIt_S CYr A_ Cnr

In the case of yawing motion the local sidesl_D velocity

is r - x • The suction F per unit length of the leading edge

is obtained by substituting this local sideslip velocity for _V

in equation (_0) derived for sides].ip, as follows:

!
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F = _oV2Cx[a2 ", 4_rF/2_-_-[_c- x_].

(_,Pnon 8 varies with x, as _n the present case, eq_atlon (29)

requires em additional term in ad-$y,proportional to P. This term

is finite at the edges and, therefore, does not contribute to the
expression for Y.)

The lateral component of this suction force is

e

= 0 (33)

The antis_ne_ric cota_.cent part of the press_re d_stribution
in equation (20) may contribute a lateral force because of the

inclination of the panels. To the first order in P, this is the

only contribution, according to the reasoning in the section

on Cy_ end Cn . The contribution is, to the first order in C,

= 4pVarr _ 2 Cx cos _ d_ &x

%0

=0 (34)

The total latcral force caused by yawing motion is YI + Y2"

The lateral force @erivative _r is accordingly zero.

The leading-edge suction gives rise to a Dure yawing couple.

This couple is conveniently obtained by cor;rputingthe moment of

the suction force about the vertex of the triangle, as follows
(c2 << 1):
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%

1 2 _4

= _oV c_rlIJc
(35)

The pressure distribution on the inclined p_cls of the _ring

will have a lateral component that likewise contributes a pure

ya-_i_g couple. From equation (20) the couple is, to th_ first

order in C,

N2 _ -4F0v_l - cot q x dy dx
0

x- _)x _ cos _ dq dx

= -_oV_rrCc 4
(36)

A third y_!ng connie _i!I be contributed by skin friction.

(Skin friction has not been considered in evaluating the other

stability derivatives becau:_e its direct contribution is expected

to be _nlmportant. _e indirect effect of skin friction in

Influencing the pressure distribution via _e boundary layer may

indeed be important, although it is not treated.)

The skin friction couple Is approximately given by:

o i_3 = CDo 5_°vR " # +

V-R is the resultant veloclty and VR _ = (V - ry) 2 4-r2(x - --_-c)2where
\

-r _ -

-. , and isis the local sideslip angle and equals V CDo

the section drag coefficient which is taken equal to __n g profile
drag coefficient.
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To the first order in r this expression is

= _Vr -- + 2y2 - V2y dx dy
I_3 "_cD° a! - D

= -3-_VrCDoCC4(l-_-gC2)

The total yawing moment caused by yawin G motion is NI + N2 + N3,

which is Just N3 because N1 and N2 cancel. The coefficient is N3

1_o rb is thedivided by V2Sb and th_ derivative _th respect to 2V

stability derivative On.r. Carrying out these operations gives

Cnr _(_+ _h= 9-_CDo (37)

A s_mi!ar calculshion shows that the side force due to skin

friction is zero.

RESULTS AND DISCUSSION

The values obtained for the stability derivatives are

summarized in table I with respect to rye _:j_t_m_,of oxes One

syst_n is the principal body a_'_esof figure 1 with origin at the

i_ 0_' The other system is the stabilityaerodynamic center ,0, J.

axes sho_n_ in fi_e 3 _.:ithorigin a distm_ce Xcg _1_ead of

the _ point.

Th_se stability derivatives apply to an isolated triangtular

wing in the limiting case of aspect ratio approaching zero. Applica-

bility decreases _:ith increasing aspect ratio, and an aspect rat_o 0.5

is estimated as the upper 1Smit of utility. The mathematical validity

at the very low aspect r8tios may be off sot, perhaps, by error due to

the neglected boundary layer.
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The arguments for the effects of compressibility presented in
reference 2 can be csa'riod over to the present _._ork. The stability
derivatives presented herein, therefore, are e_ected to apply at
both subsonic and supersonic speeds, _ith the except!on of the
transonic region, up to a limiting speed at _;hich the triangle is
no longer narro_.rcompared_rlth the Machcone f_'om its vertex.

The over-all pitching-moment derivatives should be little
affected by the addition of a fusela_ze, the nose of _hich does not

project much b_yond the vertex of the triangular _:inz. The _ng

will orient the flow alor_ the axis of tilefl_selace and thereby
_rlll eliminate much of the _mstab!e pitching moment of the fuselage.

The flo_r _ill continue to be essentially exial alonc_ the part cf

the fuselage beh._n& the _n6 because the low aspect ratio yields a

do_m_msh angle substantially equal to the angle of attack.

Theoretical considerations suggect that the unstable yawi_g

moment of the fuselage will add to the value of CnG for the vlng

or Cnr is expected. Little effectalone. Little effect on _nT

on the rolling-moment derivatives is expected if the _ng is mounted

centrally on the fuse!age. Hi_.-_ing or lo_-_Jn S arrsngements_

however, shoul._,have pronot_nced effects on the effective dihedral.

These conclusions are only tentative, and a proper evaluation of

the vlng-f_mela_;e interference must be the subject of f_ther

investigation.

Langley Memo_'ial Aeronautical Laboratory
National Advisory Comzlittee for Aeronautics

Langley Field, Va., J1uly 15, 1947
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TABLE I

STABILITY IIERIVATIVES OF LOW-ASPECT-RATIO TR_
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u,X_ q,Mj 'Y

w,Z

"Figure I.- Velocities, forces, and moments relative to

principal axes vcith origin at _.

Figure 2.- Axes and notation used in analysis.

V_

V,T

w_Z COMMITTEE FOR AEEONAUTICS

Figure 3.- Velocities, forces, and moments relative to

stability axes with origin at _ - Xcg . Princip_l

axes of figure 1 dotted in for comparison.
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Figure h_- Distribution of pressure difference caused by rollin_.

D

y
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Figure 5.- Distribution along span of normal force caused by rolling.


